For a 4-D massive Dirac field in the background of arbitrary gauge fields, we show that the Dirac propagator and functional determinant are completely determined by knowledge of the corresponding quantities for just one of the chirality sectors of the second-order Dirac operator. This generalizes the related, previously known, statements in (anti-)self-dual background gauge fields.
I. INTRODUCTION
In 4-D Euclidean spacetime it has been known for some time that, for a spin- 1 2 Dirac field defined in the background of an (anti-)self-dual gauge field, there exist simple formulas connecting the associated particle propagator and functional determinant to those of a scalar (i.e., spin-0) field [1] [2] [3] [4] [5] . Explicitly, in the background of (Abelian or non-Abelian) gauge fields A µ satisfying the self-duality condition F µν = * F µν (here, ǫ µνλδ F λδ ), let S denote the massive spin- propagator defined by
where / D ≡ γ µ D µ and D µ ≡ ∂ µ − iA µ (with our γ-matrices satisfying {γ µ , γ ν } = −2δ µν ), and △ denotes the corresponding spin-0 propagator defined by
Then, S is expressed in terms of △ by the formula [2] 
This connection on propagators can be utilized to derive the relations between the corresponding functional determinants or one-loop effective actions. That is, if Γ 
it can be related to the corresponding scalar effective action Γ S ren (A; m) (again using the minimal subtraction) by [5] 
where µ is the renormalization scale and n F denotes the number of zero eigenmodes for the related massless Dirac operator. The formulas (3) and (5) generalize the corresponding findings for the massless case, first stated in Refs. [1, 3] .
Recently, making use of the connection (5) in an important way, we (with G. Dunne) were able to determine the fermion or quark contribution to the one-loop effective action in a single instanton background, for any value of the quark mass [6] . As a rationale for this simple relationship existing between the amplitudes involving different spin fields (actually including even vector or spin-1 fluctuation fields), one refers to the supersymmetry of the system [3, 7] for which the self-dual nature of background gauge fields is supposed to be important. Then, with a general non-self-dual background gauge fields, one would not expect that there exist appropriate generalizations of the above formulas, which reduce to (3) and (5) if gauge fields are taken to be self-dual. But, as for the Dirac field (with a non-chiral gauge coupling), we show in this paper that such generalizations do exist, except that the scalarfield-related amplitudes need to be replaced, in the general case, by the amplitudes defined in any particular chirality sector of the second-order Dirac operator, / D / D + m 2 . These are true for both the propagator and the one-loop effective action. To state any relation between the effective actions, one must be precise about the renormalization procedure for themwe assume minimal, mass-independent, subtraction terms throughout (so that the mass dependence of the effective action does not get mingled with renormalization effects). The new relationships, being not specific to self-dual backgrounds, have also obvious parallels in the Minkowski space. Our observation should be useful in future studies of fermion effective actions in nontrivial backgrounds.
This paper is organized as follows. In Sec II we derive our new formulas generalizing the above relations (3) and (5) to the case of a massive Dirac field in an arbitrary background gauge field. In deriving the formula for the one-loop effective action, the well-known chiral anomaly [8] in an integrated form enters our discussion. Then, in Sec. III, we illustrate these results explicitly for the case of gauge fields corresponding to constant field strengths.
Sec. IV contains some concluding comments. There are also two appendices containing some supplementary materials.
II. DIRAC PROPAGATORS AND DETERMINANTS IN ARBITRARY GAUGE

FIELDS
We will first present our formula for the Dirac propagator S, defined by (1 
S can be identified with
Then, on resolving the identity by positive and negative chiral projections
we can write
On the other hand, we obtain from (7) the relation
and hence, combining this with (6), the following identity should be true [2] :
This then leads to
since / D(
) / D. Based on (9) and (12), it is thus possible to express G by either
[In the m → 0 limit this expression will become singular whenever there exist normalizable zero eigenmodes for / D [2] ; in this work, m is kept at nonzero value to avoid any subtlety concerning the strictly massless case].
Thanks to (13) or (14), the full second-order Dirac propagator G can be constructed from the knowledge on either one of G (±) . For the latter object, it will be convenient to adopt the chiral representation for γ-matrices, i.e.,
which leads to the diagonal matrix for γ 5
For these γ-matrices the operator / D / D + m 2 takes the form
where η
µνa are 't Hooft symbols [3] , introduced through the relations likē
In this chiral representation we can write
with the reduced propagatorsḠ (±) ( 2 × 2 matrices in the spin space) satisfying the relation
Hence, if the gauge field satisfies the self-duality condition F µν = * F µν (which is possible in the Euclidean spacetime), we have η
µνa F µν = 0 and soḠ (2)); i.e., G (+) coincides with the spin-0 propagator and (14) yields the form previously given in [2]
Also, in an arbitrary background gauge field, (12) implies that following relationships hold
From (7) and (14) the first-order Dirac propagator S can also be expressed in terms of either one ofḠ (±) . By making use of the relation
it is not difficult to show that S is expressed by either
or
Notice that the form (3) is recovered as a special case of (24), i.e., when the gauge field strength is restricted to be self-dual.
We now tern to the discussion of the one-loop effective action which plays a central role in quantum field theory. The Pauli-Villars regularized form of the bare spinor effective action (4) can be presented, using the Schwinger proper-time representation [9] , in the form
Here,
with 'Tr ' denoting the trace over both Dirac spinor and internal 'isospin' indices. Then the renormalized effective action, in the 'minimal' subtraction scheme, can be identified with the expression
where µ is the renormalization scale and 'tr' represents the trace over isospin indices only.
The effective action based on other renormalization prescriptions can be related quite simply to our expression (28), as discussed for instance in Ref. [10] . 
where Γ 
where we defined
(We denoted the trace over 2-component spinor and isospin indices by Tr). Given the connections (22) for the two propagatorsḠ (±) , it would be natural to suspect the existence of certain connections for the two quantities Γ 
(Tr denotes the extension of Tr to include also the trace over spacetime coordinates), and then it should be possible to write
and also 
We can determine the quantity ∆Γ(A; m) generally in an explicit form. [Fry [11] studied the related quantity assuming a specific form for the background fields, but did not give an explicit formula (given in (42) below)]. To that end, write
taking M 2 at some large value. We then note that, on the basis of (32),
On the other hand, from (17),
and therefore (36) can be rewritten as
What we have in the right hand side of (38) is the familiar quantity in the so-called index calculation [12, 13] . As was asserted in [12] , this quantity -essentially the spacetime integral of the vacuum expectation valuem ψ † γ 5 ψ of a Dirac field of massm -should be independent ofm and has in fact the value proportional to the integrated form of the famous chiral anomaly [8] for the divergence of the axial vector current ψ † γ 5 γ µ ψ:
[The derivation of this result based on the Schwinger proper-time method is also given in
Appendix B]. Using the result (39) in (35), we obtain
Moreover, the expression for ∆Γ(A; M), when M is sufficiently large, is readily found using our representation (32): using the heat kernel expansion given in Appendix A, its value for large M is ∆Γ(A; M) = lim
Therefore, from (40) and (41), we can secure the general result
Gauge invariance is manifest in this formula. Also notice the way how mass m and the renormalization scale µ enters this formula.
Using the above finding with (33) or (34) yields the desired formula for the spinor effective action. That is, we can express our (minimally renormalized) spinor effective action by either
Thus, to determine Γ ren (A; m) that is simpler. This is because, with F µν = * F µν , the quantity F (+) (s) defined in (31) becomes
and accordingly, for the amplitude Γ 
viz., up to sign, Γ ren (A; m) will be very nontrivial]. In the self-dual case, we also recover (5) from our formula (43) since n F , the number of normalizable zero modes of the operator / D in a self-dual background is dictated by the value
We remark that, although Euclidean spacetime has been assumed for our development, there should exist formulas similar to (24) or (25) and (43) or (44) for the Minkowski-space (Feynman) propagator and effective action. This is because, in our derivations given above, the spacetime signature is in no way crucial. But, in the case of the formulas (3) and (5), we do not have the direct Minkowski analogues since the notion of the (anti-)self-duality for the field strengths is meaningful only in the Euclidean spacetime.
III. THE CASE OF CONSTANT FIELD STRENGTHS
As an important finding obtained in the previous section, we had the relations between Γ F ren (A; m) and Γ
ren (A; m), which are given in (43) or in (44). It was shown that one of these relations, (43), reduces to (5) in the case of self-dual backgrounds. As an explicit check on the validity of those relations with general non-self-dual backgrounds, we here consider the case of constant field strengths for which both of the quantities Γ (±) ren (A; m) can be evaluated in a closed form. The explicit forms of the effective action Γ F ren (A; m) with constant F µν can be found for instance in Refs. [9, 14] . However, each of Γ (±) ren (A; m) was not separately analyzed there, and so we will evaluate them explicitly in this section. In an Abelian gauge theory like QED, the constant field strength is defined by the conditions ∂ µ F νλ = 0. On the other hand, in a non-Abelian theory, we have the covariant conditions [D µ , F νλ ] = 0 instead. These conditions imply the commuting properties, [F µν , F αβ ] = 0. Hence we may diagonalize the whole system in the isospin space: then, the field strength F µν may be taken to be of a diagonal form (F µν ) ii δ ij in the isospin space (i, j are isospin indices) for example.
With this understanding, we will suppress these isospin indices for the notational simplicity below.
Let us begin with the consideration of the functions F (±) (s) in (31). In our case the nontrivial operator in (31) can be factorized as
Note that the second factor carries spinor indices while the first does not. Since the total trace for the first factor is available in the literature [9, 14] , we will concentrate on the second factor. Using the commuting properties of F µν and the well-known identity involving Pauli matrices
(here, v a can be an arbitrary vector), one may perform the 2-component spinor trace for the second factor in (47) as
where
To derive the second form in (49), we have made use of the identity
Based on (49) and the known result [9, 14] on the trace for the first factor in (47), we now have
where V is the volume of the spacetime, and
In (53), 'tr L ' denotes the trace over Lorentz indices and F is the matrix defined by the relation [F] µν = F µν . This 4 × 4 matrix F has four eigenvalues ±if + and ±if − , where
with F 1 and F 2 defined in (50). Using these eigenvalues, we may express the factor e −L by the form
We also simplify the factor 2s 2 (
Plugging (55) and (56) into (52), we find the following forms for the functions F (±) (s):
From (57) we find F (s), the sum of F (+) (s) and F (−) (s), to be
This is precisely the expression appropriate for a Dirac fermion in [9, 14] , and using this in (28) yields the known result for the renormalized effective action Γ ren (A; m). On the other hand, according to (57), the difference between F (+) (s) and F (−) (s) is given by
Using this result in (32), we can determine the quantity ∆Γ(A; m) (with constant field strengths) as
This confirms our general formula (42), and then from (33) and (34) the relations (43) and (44) are immediate.
IV. CONCLUDING REMARKS
For a general massive Dirac field in arbitrary gauge field background, we have derived appropriate formulas which make possible the construction of the full Dirac propagator and spinor effective action from the information on those pertaining to a particular chirality sector of the second-order Dirac operator / D / D + m 2 . This will serve useful purpose when one wishes to calculate the spinor effective action in some given background fields. Assuming an SU(2) gauge theory, take for instance gauge fields of the form A µ (x) = η (+) µνa x ν φ a (r), where r ≡ √ x µ x µ and φ a (r) is a certain 2 × 2 matrix function of r (e.g., φ a (r) = f (r)τ a or φ a (r) = g(r)τ 3 δ a3 , τ a being 2×2 Pauli matrices). Then we find a relatively simple expression for η
and so it will be possible to study Γ
ren (A; m) by using, say, the method developed in Refs. [6, 15] ; in contrast, due to the complicated (non-radial) expression of η (−) µνa F µν , no such analysis is readily available for Γ (+) ren (A; m). In this case, we can use our formula (34) to determine Γ ren (A; m), i.e., the analysis for Γ (+) ren (A; m) can be avoided completely. The spinor effective action in various form of Abelian gauge fields with radial symmetry has been calculated following this strategy and it will be reported separately [16] .
Also recall that, in an (anti-)self-dual gauge field background, we had formulas relating the vector (i.e., spin-1) propagator and functional determinant to those of a scalar field in the same background [1] [2] [3] [4] [5] . Then, as in the case of a spin- µνa σ a F µν and then, using our formulas (A7) and (A8) with the identity (51), we find the traces Tr a 1 (x, x) = 0, Tr a 2 (x, x) = 1 3 tr(F µν F µν ) ∓ 1 2 tr(F µν * F µν ).
These results explain the renormalization counterterms appearing in (30) and were also used to derive our large mass expansion result given in (41).
